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I. INTRODUCTION
Beams of electrons carrying non-zero projection of the orbital angular momentum (OAM) upon their propagation direction currently attract much interest, both in theory and in experiment [1] [2] [3] . A wave-front of these electrons has a helical spatial structure which twists around the beam axis. Such twisted beams are produced today at scanning electron microscopes with energies up to a few hundreds of keV and with the OAM projection as high as m = 1000 [3] [4] [5] [6] . Owing to the nonvanishing m, the twisted electrons possess a magnetic moment µ ∝ mµ B with µ B being the Bohr magneton. This -additional (and big when m ≫ 1)-magnetic moment makes the OAM beams particularly suitable for probing magnetic properties of materials at the nanoand even atomic-scale [3, 7, 8] as well as for studying unusual properties of the electromagnetic radiation generated by such electrons [9] .
A number of material studies are planned with the twisted beams that are based on the (analysis of) electron scattering by targets. In order to achieve high spatial resolution in these scattering experiments one would need to focus electron beams to a sub-nanometer scale [8] . Such tight focusing implies that the relative size and position of the beam and a target can be of paramount importance. Detailed theoretical analysis of the beamsize (and position) effects is demanded, therefore, for the guidance and analysis of the twisted-electron scattering experiments. First steps towards such an analysis were carried out by one of us [10] as well as by Van Boxem and co-workers [13, 14] . Those previous works, however, mainly dealt with the scattering amplitudes and angular distributions of the outgoing electrons. Much less attention has been paid so far to the quantitative study of the scattering process which requires evaluation of (i) the number of events and, if possible, (ii) the cross sections. The analysis of these (quantitative) observables is a rather complicated task which requires accurate account of the beam's (and the target's) sizes, as well as of the position effects.
In this contribution we derive and study the number of events and the generalized cross sections for potential scattering of the focused twisted electron beams. Such beams are treated as spatially localized wave-packets that collide with targets consisting of short-range potentials. The theoretical analysis of these collisions is based on the generalized Born approximation which was recently elaborated by us in Ref. [15] and was successfully used for describing scattering of "the ordinary" Gaussian packets.
In order to apply the (generalized) Born theory for twisted electrons, we first construct their wave-packets in Section II A. The scattering amplitude for a single potential placed at a particular impact parameter is derived then in Section II B. With the help of this amplitude and by making use of the theory from Ref. [15] , we obtain the number of events and the averaged angledifferential cross sections for different "experimental setups". For example, in Section II C we consider collisions of a twisted electron with a single scatterer as well as with the localized-(mesoscopic-) and the infinitely wide (macroscopic) targets, the latter are described as incoherent ensembles of potential centers. The derived expres-sions for the number of events and the averaged cross sections can be applied for a target consisting of central short-range potentials of any form. In Section III, however, we discuss the particular cases of Yukawa and hydrogenic potentials. In collision theory, these potentials are often used to approximate realistic electron-atom interactions, see for example Refs. [11, 12] . Detailed calculations for the Yukawa-and hydrogenic targets and for fast but still non-relativistic electrons are presented in Section IV. Throughout these calculations, emphasis is placed, in particular, on the questions of (i) whether the number of scattering events in collision of twisted electrons is comparable to the one in the "standard" planewave case, (ii) how the averaged cross section depends on a size of the initial wave packet, and (iii) how the angular distributions of outgoing electrons depend on the impact parameters b between the potential centre and the packet's axis. The summary of these results and outlook will be given in Section V.
Similar to the previous work [15] , we use units with the Planck's constant set to unity, = 1.
II. THEORETICAL BACKGROUND A. Twisted electron states
Before we start with the analysis of the potential scattering of twisted electrons, let us briefly remind how these electrons are described within the non-relativistic framework. First we will discuss the monochromatic Bessel solutions, and will show later how to construct the (twisted) wave-packets.
Monochromatic Bessel states
Not much has to be said about the stationary electron states with the well-defined energy ε, longitudinal momentum k z and projection m of the orbital angular momentum onto the quantization (z-) axis. In the cylindrical coordinates r = (r ⊥ , ϕ r , z), these Bessel solutions of the field-free Schrödinger equation are described by the wave-function [10, 16, 17] :
with the transverse component
where J m (κ r ⊥ ) is the Bessel function and the absolute value of the transverse momentum is fixed to |k ⊥ | = κ = 2m e ε − k 2 z . For practical calculations, it is often more convenient to write the function r | k z κ m in the momentum representation:
(3) Here, the Fourier coefficient Φ κm tr (k ⊥ ) is the transverse part of the momentum-space wave-function and is given by:
As can be seen from these two expressions, the Bessel electron state can be understood as a coherent superposition of the plane waves, whose wave-vectors k = (k ⊥ , k z ) lay on the surface of a cone with the opening angle tan θ k = κ/k z .
Wave-packets of Bessel states
The monochromatic Bessel state, (1)- (2) and (3)- (4), is a non-square-integrable solution for the Schrödinger equation that is spread over the entire coordinate space, i.e., its dispersions are ∆z = ∆r ⊥ = ∞. Such a monochromatic solution is not sufficient to describe nowadays experiments in which electron beams can be focused to a sub-nanometer scale. Therefore, we have to employ r | k z κ m in order to construct a spatiallylocalized wave-packet:
where the convolution of the transverse component (2) reads as:
with g piσ kz (k z ) and g κ0σκ (κ) being the weight functions, and
The wave-packet Ψ κ0mpi (r) is a physically-relevant solution with the definite OAM's projection m, with the mean values of the longitudinal momentum k z = p i and of the absolute value of the transverse one, k ⊥ = κ 0 . As before, we can represent the transverse part of the wave-packet (6) in terms of the plane-wave components:
where the convoluted Fourier coefficient is
The weight functions g piσ kz (k z ) and g κ0σκ (κ) in Eqs. (5)- (9) are peaked around p i and κ 0 and have the widths σ kz and σ κ , respectively. For the numerical analysis below we choose these functions to be of the Gaussian form. For example, the distribution of the transverse momentum is described by:
where the constant C is determined from the normalization condition |g κ0σ ⊥ (κ)| 2 dκ = 1. Eq. (10) corresponds to the dispersion ∆x = ∆y ∼ 1/σ κ in the transverse plane. For the small values, σ κ ≪ 1/a, where a is the typical radius of the field action, the ∆x and ∆y become large and we call it a wide wave-packet limit. The approximation of a wide packet will be employed below for simplifying the formulas for the scattering cross sections and the number of events.
B. Scattering amplitudes
Having briefly discussed construction of the Bessel electron's wave-packets, we are ready now to describe an amplitude for potential scattering. We consider the experimentally-relevant scenario in which (i) the longitudinal size of the packet σ z is larger than the characteristic radius of the field action, σ z ≫ a, and (ii) the dispersion of the packet in the transverse plane during the collision is negligible, that is,
Under these assumptions, which can be re-written as
the scattering amplitude is given by Eqs. (29)-(30) of Ref. [15] :
In this expression, the convoluted transverse component of the wave-packet is given by Eq. (9), the momentum transfer is Q = p f − p i with p i = k i = (0, 0, p i ) being an averaged momentum of the incident electron, p f the momentum of the scattered electron, and f (Q − k ⊥ ) is the plane-wave scattering amplitude in the first-Born approximation:
We have assumed here that the interaction of electrons with a target is described by a central potential U (r) and that the outgoing (scattered) electrons are detected as plane-waves with the wave-vector p f . In Eq. (12), moreover, we have introduced the exponential factor exp(ik ⊥ b) in order to specify the lateral position of the scatterer with regard to the central (z-) axis of the incident wave-packet. Here, b = (b x , b y , 0) is the impact parameter which vanishes when the potential is placed in the center of the beam. Along with Eq. (12), one can derive another representation for the scattering amplitude F (Q, b) that, in some cases, can be more convenient for theoretical analysis. By inserting the standard plane-wave amplitude (13) into Eq. (12) we find:
where
This expression can help to analyze (at least qualitatively) scattering at the small impact parameters. For
tr (r) under the integral in Eq. (14) corresponds to a state with a definite projection of the orbital angular momentum m. The expansion of this function into spherical harmonics Y lm (θ r , ϕ r ) may contain, therefore, only multipoles with the OAM l ≥ |m|. It results in a specific behaviour of the angular distributions of scattered electrons that become most pronounced for the forward direction. Indeed, by substituting the transverse component (6) of the wave-packet into the scattering amplitude (14), we obtain:
, and the integral over ϕ r is reduced to:
From these expressions and from the asymptotic behaviour of the Bessel function, |J m (x)| = (x/2) |m| /|m|! for x → 0, one finds that the amplitude
vanishes for θ → 0 when the OAM projection m = 0. Since the angle-differential cross section is proportional to the square of F (Q, b), the emission pattern of the scattered electrons develops a dip in the forward direction and for the central collision, b = 0. However behaviour of the function U (r)Ψ (m) tr (r + b) changes with the growth of b, and the dip at θ = 0 disappears. This angular behaviour, peculiar to twisted electron beams, will be discussed in detail later.
A further analysis of F (Q, b) requires knowledge of the interaction potential U (r). In Section III, for example, we will show how this scattering amplitude is calculated for the Yukawa-and hydrogenic potentials.
C. Number of events and cross sections
With the help of the amplitude F (Q, b) one can calculate the number of events and the cross section for potential scattering of a twisted electron's wave-packet. The explicit form of these observables depends on a setup of the scattering "experiment" and, in particular, on the composition of the target. In this section, we study scattering off (i) a single potential, (ii) the infinitely wide (macroscopic) targets, and (iii) off the localized (mesoscopic) targets.
Scattering by a single potential
We start the discussion with a single potential U (r) located at the impact parameter b from the center of the electron wave-packet. As discussed already in Ref. [15] , a usual definition of the cross section is not applicable in this case. Instead, the scattering process can be described by a number of events:
where N e is the number of electrons in the incident beam. Eq. (19) can be further simplified for the so-called wide wave-packet. Here, the distribution function g κ0σκ (k ⊥ ) from Eq. (6) is sharply peaked at k ⊥ = κ 0 = 0, so that 1/σ κ ≫ a. In this case, the transverse momentum k ⊥ = k ⊥ (cos ϕ k , sin ϕ k , 0) of the incident electron wave can be approximated as:
By substituting
⊥ in the plane-wave amplitude f (Q− k ⊥ ) and making use of Eqs. (12) and (19), we find:
where the quantity
can be viewed as luminosity of the collision. When comparing this with Eq. (6), one sees that L (tw)
can be expressed in terms of the transverse density of the incident Bessel packet with m = 0 at the coordinate origin:
Together with Eq. (21), this expression indicates that for m = 0 and θ k → 0 we obtain the number of events for the "standard" plane-wave case, see Eq. (4) from Ref. [15] . Therefore, the quantity
can be considered as a cross section for a single potential, localized at the impact parameter b. In particular, at κ 0 ≪ Q we obtain the following simple formula:
Infinitely wide (macroscopic) target
After discussion of the scattering by a single potential, let us now turn to the macroscopic target, which consists of randomly distributed force centers and has a transverse extension R ≫ 1/σ κ . For such a target one can introduce the averaged cross section:
which is obtained (i) by integrating the number of events over all the impact parameters b, and (ii) by normalizing the result by a number of incident electrons, see Eqs.
(33) and (38) in Ref. [15] . As can be seen from Eq. (26), dσ/dΩ depends neither on the projection m of the orbital angular momentum nor on the spatial structure of an incident phase front. One can further simplify Eq. (26) in the approximation of a wide wave-packet. As mentioned already, the momentum distribution function g κ0σκ (k ⊥ ) is sharply peaked in this case at k ⊥ = κ 0 and the wave-packet (5) approaches the monochromatic limit. Similar to before, one can approximate the transverse momentum of the incident electron k ⊥ by k 
where, as usual, the momentum transfer is
⊥ . As can be seen from Eq. (27), the calculation of the scattering cross section for a wide wave-packet and a macroscopic target can be traced back to the plane-wave amplitude f (Q − k (0) ⊥ ). Therefore, based on the properties of this amplitude we can predict the main features of dσ/dΩ. It is well-known, for example, that for Yukawa and hydrogenic potentials f (q) depends solely on the q 2 , see Ref. [15] . Since in Eq. (27) the argument of the planewave scattering amplitude is Q − k (0) ⊥ and the square of this momentum transfer is given by:
we can re-write Eq. (27) as follows:
where ϕ is the azimuthal angle of outgoing electrons. Eqs. (28)- (29) reveal that the scattering pattern is azimuthally symmetric with respect to the beam (z-) axis and is peaked at θ = θ k . The latter follows also from the
= 0 for the Yukawa and hydrogenic potentials, see Ref. [15] .
Eq. (29) can now be used to calculate the total cross section. Namely, by integrating over the directions of outgoing electrons, we find:
where σ pl is the plane-wave cross section. Clearly, the cross section for the scattering of twisted electrons by a macroscopic target is generally larger than σ pl .
Superposition of two twisted beams
As we have seen from Eqs. (26) and (29), the angledifferential cross section for the scattering by a macroscopic (infinite) target is independent of the projection of the orbital angular momentum m and of the phase structure of the incident twisted beam. Later, in Section II C 4, we will show that this OAM's-and phasesensitivity is restored for spatially localized scatterers and well-focused electron beams. However, even in the "large-target-wide-packet" regime the averaged cross section can be sensitive to the OAM if electrons are initially prepared in a coherent superposition of two states with the same kinematic parameters but different m:
where Ψ κ0mpi (r) is given by Eq. (5) and the expansion coefficients are:
By inserting the superposition (31) into Eqs. (12) and (26), and passing to the limit σ κ → 0 we obtain:
with ∆m = m 2 − m 1 , ∆α = α 2 − α 1 and the factor:
In order to further evaluate this expression, we note that the plane-wave scattering amplitude f (Q−k
⊥ ) depends on the difference between the azimuthal angles ϕ k −ϕ, see Eq. (28). This angular dependence allows us to perform an integration over ϕ k and to find:
where dσ/dΩ is the cross section (29) for a single Bessel beam, and the azimuthal asymmetry parameter reads as follows:
These expressions indicate that the angle-differential cross section dσ (2) /dΩ exhibits an azimuthal asymmetry which depends on the difference of the OAM's projections ∆m = m 2 − m 1 and of the phases ∆α = α 2 − α 1 . This dependence, however, does not appear in the total cross section:
since the second term in Eq. (35) vanishes identically after the integration over the scattering angles.
Scattering by a localized (mesoscopic) target
Until now we have discussed the potential scattering for two extreme cases of either a single-potential or a macroscopic (infinitely wide) target. In a more realistic experimental scenario, a focused electron beam collides with a well-localized mesoscopic atomic target. In order to account for geometrical effects in such a scenario, we describe a target as an incoherent ensemble of potential centers. The density of the scatterers in the transverse (xy-) plane is characterized by a distribution function n(b), which is normalized as follows:
With the help of this distribution, we can also obtain a form factor of the mesoscopic target:
which later will be employed to simplify expression for the number of scattering events. By making use of Eqs. (29)- (30) from Ref. [15] we find the number of scattering events:
where N e is the total number of electrons in the incident twisted bunch. To perform an integration over the impact parameter b we insert into this expression the amplitude F (Q, b) from (12):
Using the explicit form of the transverse component Φ
tr (k ⊥ ), as given by Eq. (9), and noting that
we arrive at the following formula:
Further evaluation of this number of events requires the knowledge of (i) the target density n(b) as well as of (ii) the plane-wave amplitude f (Q − k ⊥ ). For the numerical analysis below we take n(b) to be a Gaussian function:
This distribution is sharply peaked at the impact parameter b 0 and its form factor reads as:
we get
If, additionally, the inequality κ 0 ≪ Q is fulfilled, then the cross section becomes
which results in a one-dimension integral for the Gaussian distribution (44) of atoms in the target:
When the target is considerably larger than the incident wave-packet,
and the amplitude f is a real function (Arg f = 0), we obtain
The scattering amplitude f (Q − k ⊥ ) depends on the potential U (r) and it is real in the examples of Yukawa and hydrogenic potentials given in the next Section.
III. SCATTERING BY YUKAWA AND HYDROGENIC POTENTIALS
In Section II we have derived the number of events and the cross sections for scattering of the Bessel electron's wave-packets by a single-potential and by the mesoscopic-and macroscopic targets. In that analysis, however, a particular form of the central potential U (r) was not specified. Below we consider two specific cases, when U (r) is the Yukawa-and hydrogenic potential, and discuss properties of the scattered electrons.
A. Yukawa potential
The Yukawa potential
describes the field with a typical radius of action a ∼ 1/µ. In a theory of atomic collisions, it is used very often as an approximation to the Coulomb field of the nucleus screened by atomic electrons, see for example Ref. [11, 12] . This potential allows one to evaluate analytically the standard plane-wave scattering amplitude within the first-Born approximation:
By inserting this expression into Eq. (12) and making simple algebra we derive the scattering amplitude for the twisted electron:
where the function
was introduced and studied in Ref. [18] . Here both α and β are positive:
and α > β. By making use of Eqs. (54)-(56) one can study the potential scattering of a twisted electron for any experimental "scenario". Below we treat a few such scenarios. First, let us study collision with a single Yukawa scatterer, located at the central axis of the incident packet. For such a central collision the impact parameter b = 0 and the function (55) simplifies to:
see Ref. [18] for further details. With the help of this expression we can study angular distribution of the scattered electrons. The small scattering angles are of specific interest here, for which I m (α, β, 0) ∝ β |m| ∝ (sin θ) |m| . Such a θ-behaviour implies that for m = 0 the angular distribution
vanishes for the forward emission, θ → 0. We remind the reader that this result was predicted above on a basis of the analysis of the scattering amplitude, see Eq. (18) . The dip in the scattering pattern at θ → 0 disappears, however, with the increase of the impact parameter b. Indeed, since for the forward scattering the function (55) reads as
and J m (k ⊥ b) ∝ b |m| for small impact parameters, we find:
This expression predicts that the (forward) electron emission quickly increases if the scattering center is shifted from the central beam axis.
In the second scenario, we still focus on the scattering off a single potential but for a particular case of a wide wave-packet. The number of events for this scenario can be obtained from Eq. (21) as follows: 
where we made use of Eq. (57) and introduced the "amplitude":
with u = Q 2 +κ 2 0 +µ 2 and v = 2κ 0 Q ⊥ . Up to unessential pre-factor this amplitude coincides with f B V reported in Eq. (24) of Ref. [13] . In that work, however, no indication was given of how f B V is related to the number of events or to the cross section.
Up to now we have discussed the potential scattering off a single Yukawa potential. If, in contrast, a wide wave-packet collides with an infinitely extended target consisting of randomly distributed Yukawa scatterers, one can use Eq. (27) to derive the cross section:
Here, we used the same short-hand notations u and v as in Eq. (63). One can further modify this expression to account for the incident electron beam, prepared as a coherent superposition of two Bessel states, see Eq. (31). In this case, the differential cross section dσ (2) (θ, ϕ; θ k )/dΩ is given by the second line of Eq. (64) in which the additional factor (34) should be inserted under the integral over ϕ k .
B. Hydrogen atom in its ground state
We have discussed above the scattering of twisted electrons by a Yukawa potential. A superposition of few such potentials can be employed to reproduce accurately the (static) potential of any neutral atom [11, 12] . In this section, however, we study a particular case of atomic hydrogen in the ground 1s state. Its potential is represented as follows:
where a 0 is the Bohr radius. By inserting this expression into Eqs. (13) and (12), we find the scattering amplitudes for the incident plane-wave:
and for the twisted electron's wave-packet:
where we introduced the following notations:
In order to simplify F (Q, b) further one can use the identity:
and then we re-write Eq. (67) as follows:
where the function I m (α, β, b) is given by Eq. (55).
Similar to the Yukawa potential, one can employ the amplitude (70) to investigate the scattering of twisted electrons by various hydrogenic targets. Again, we start with a single hydrogen atom for which the number of (scattering) events is given by:
From this expression and from the properties of the function I m (α, β, b) we can again derive Eqs. (58) and (60) which describe emission pattern of the outgoing electrons for the forward direction and the small impact parameters b. Moreover, in the limit of a wide wave-packet, when the momentum distribution function g κ0σκ (k ⊥ ) is sharply peaked ar k ⊥ = κ 0 , we get from Eqs. (21) and
Here, α 0 and β 0 are given by Eq. (68) with k ⊥ = κ 0 , and L tw given by Eq. (22). With the help of the amplitude (70) one can also treat the scattering of the twisted wave-packet by a macroscopic hydrogenic target. For this case, the angledifferential cross section reads as follows:
, and the wide incident wavepacket is assumed.
IV. RESULTS AND DISCUSSIONS
In order to illustrate the theory developed in Sections II and III, we intend now to present calculations for scattering of the twisted electrons by hydrogen atoms. All the results in Figs. 1-4 are presented for the wave packets with the averaged momentum p i = 10/a 0 where a 0 is the Bohr radius (this momentum corresponds to the kinetic energy of 1.4 keV). Similar to before, these calculations are performed for three various scenarios in which electrons collide with a single H atom, as well as with infinitely extended (macroscopic) and localized (mesoscopic) atomic target. 
A. Scattering by a macroscopic target
We start our calculations from the most experimentally accessible scenario of a macroscopic target. In this case, the transverse extension of an electron beam is assumed to be much smaller than the size of the target, R ≫ 1/σ κ , and the scattering process is described by the cross section (26). This cross section, averaged over all impact parameters of individual scatterers, is independent of the electron's OAM projection but is still sensitive to the kinematic parameters and to the size of the beam. In order to illustrate such a sensitivity, we display in Fig. 1 to an approximation of a wide wave-packet which, in its limit, recovers the monochromatic case.
As can be seen in the Fig. 1 , the angle-differential cross section is indeed very sensitive to the opening angle θ k . While the incident plane-wave electrons are scattered predominantly in the forward direction, θ = 0 deg, the dσ/dΩ for the twisted wave-packets is peaked near θ = θ k . As discussed already in Section II C 2 for a wide packet, this behaviour is expected from Eq. (29) and from the (plane-wave) amplitude
With the increase of σ κ and, hence, decrease of the transversal size of the wave packet ∆x = ∆y ∼ 1/σ κ , the "wide-packet" approximation is not valid any more. However, even in this "spatiallylocalized-packet" case the twisted electrons are scattered most likely under the angles near θ = θ k , although the peak in the emission pattern becomes less sharp, see blue dashed curve in Fig. 1 .
Despite the different scattering patterns of the incident plane-wave-and twisted electrons, the total cross sections for these two cases are generally of the same order of magnitude. For instance, by integrating the dσ/dΩ (black solid line) and dσ pl /dΩ (red dotted line) from Fig. 1 over the angle θ, we confirm numerically the relation (30) betweenσ and σ pl for the wide twisted packet and the plane wave, respectively. For a spatially localized packet, for which σ κ ∼ κ 0 , the total cross section is about 10-30 % smaller than theσ(wide) = σ pl / cos θ k , which, again, makes the observation of the scattering of focused twisted beams experimentally feasible.
Until now we have discussed the potential scattering of a single twisted wave-packet. For this case, and for a macroscopic target, the averaged cross section dσ/dΩ appears to be insensitive to the projection of the orbital angular momentum m. However, the OAM- sensitivity can be restored if the incident electron beam is a coherent superposition (31) of two twisted states with different m's. As seen from Eq. (35), the scattering pattern for such a superposition depends not only on the polar angle θ but also on the azimuthal one, ϕ. This ϕ-dependence is parametrized as dσ (2) /dΩ ∼ 1+A sin (∆m(ϕ − π/2) + ∆α) and, hence, is determined by the difference of the beam phases ∆α and the OAM projections ∆m. The strength of the azimuthal asymmetry is defined by the parameter A ≡ A(θ; θ k ) that is given by Eq. (36) and it is insensitive to ϕ. In Fig. 2 we display this parameter A as a function of the polar scattering angle θ for three opening angles: θ k = 10 deg (red dotted line), 20 deg (blue dashed line) and 30 deg (black solid line). The calculations have been performed for the wide wave packets with c 1 = c 2 = 1/ √ 2, ∆m = 2, and the width σ κ ≪ κ 0 . As seen in the figure, the A(θ; θ k ) is peaked at the angles θ ≈ θ k and, moreover, it increases with the growth of θ k . This implies that the ∆m-and ∆α-dependences can be observed most easily for the beams with large opening angles θ k and for electron detectors placed at θ ≈ θ k .
B. Scattering by a single potential
Until now we have discussed the most realistic (experimental) scenario is which twisted electron wave-packet collides with a macroscopic atomic target. However, in order to better understand the features of the potential scattering of Bessel packets it is more convenient to consider a collision with a single atom, located at a particular impact parameter b with respect to the beam's axis. As mentioned above, the number of (scattering) events dν/dΩ can be used to characterize the process for such a "single-atom-case". In Fig. 3 we display, for example, the (normalized) number of events dν(θ)/dΩ with N e = 1 from Eq. (71), as a function of the polar angle θ of outgoing electrons, defined with respect to the beam (z-) axis. Here we assume ϕ = 0, that is, scattered electrons are "detected" within the plane of the target atom. Calculations were performed for a hydrogen in the ground 1s state and for the incident wave packet with the width σ κ = κ 0 /5. We consider, moreover, two impact parameters, b = 0 (upper panel) and b = a 0 (lower panel) and three projections of the orbital angular momentum, m = 0 (black solid line), m = 1 (blue dashed line), and m = 2 (red dotted line).
As seen from the Fig. 3 , there is a strong dependence of the electron scattering pattern on the OAM projection. This m-dependence is most pronounced for the central collision, b = 0, and small angles, θ → 0. In this case, the (forward) electron scattering is allowed only for m = 0, while dν(θ = 0)/dΩ vanishes identically for m = 1 and m = 2. Such a behaviour is expected from the analysis of the transverse component of the electron wave-function and of the scattering amplitude, see Eq. (18) . With the increase of the impact parameter b the dip in the electron angular distribution for θ = 0 (and m = 0) disappears. Indeed, for b = a 0 (lower panel of Fig. 3 ) the forward scattering is allowed and even becomes dominant as the target atom is further shifted from the center of the incident packet.
In contrast to the case of the macroscopic target, the collision of a wave-packet having one definite value of m with a single well-localized atom can also result in the azimuthal asymmetry of the electron scattering pattern. One can expect this because the system of the incident packet plus target atom at b = 0 does not possess the azimuthal symmetry, that is "recovered" only after integration over b. The resulting ϕ-distribution of outgoing electrons (see Eq. (71)) is very sensitive to the kinematic parameters and the OAM projection of Bessel electrons. In Fig. 4 , for example, we display the normalized number of scattered events, dν(θ, ϕ)/dν(θ, ϕ = 0), for the incident wave-packet whose parameters are θ k = 10 deg, and σ κ = κ 0 /5. seen from the figure, the variation of m may lead to the qualitative changes in the azimuthal angular distribution, thus suggesting that the scattering by well-localized targets can be used for diagnostics of the twisted beams.
C. Scattering by a mesoscopic target
In Sections IV A and IV B above we treated two limiting cases of scattering either by an infinitely large target or by a single atom. These calculations have clearly indicated that the size of a target strongly influences the OAM-sensitivity of the electron scattering pattern. Indeed, while the averaged cross section (26) is independent of m unless the superposition of two packets is considered, the number of events (19) for a single potential varies significantly with the change of the OAM. In order to illustrate better the "size-effect" in scattering of the twisted wave-packets, here we apply Eqs. (40) and (44) which describe collisions with a target of finite sizes. By making use of these expressions, we have evaluated the number of scattering events for two limiting cases given 
It is clearly seen from comparison of these panels that the "twisted" cross section is very sensitive to variation of the incident beam's density. When the size of the target σ b is larger than the transverse spread of the wave-packet 1/σ κ , we use Eq. (51) and present in Fig. 6 the number of scattering events as a function of the impact parameter for three different values of the OAM: m = 0 (black solid line), m = 50 (blue dashed line), m = 100 (red dotted line). Clearly, scattering off the large target is sensitive to the spatial density of the incident wave front only for the big values of the OAM when σ b ∼ m/κ 0 , m ≫ 1. Note that electrons with the OAM quanta as high as m = 200 have already been generated [4] .
V. SUMMARY
In summary, we have applied the generalized Born approximation, developed by us in Ref. [15] , in order to investigate scattering of the vortex electrons by atomic targets. In our study, we focused especially on derivation of the physically meaningful expressions for the number of (scattering) events and for the differential cross sections. These physical observables have been obtained for different "experimental" scenarios in which incident wave-packet collides with (i) a single potential as well as with (ii) localized (mesoscopic) target and with (iii) an infinitely wide (macroscopic) one. Even though the developed theory can be employed for any type of the electron-atom interaction, in the present study we described the scattering off the Yukawa-and hydrogenic potentials. For these potentials, simple expressions for the cross sections and for the numbers of scattering events are presented which can be used for analysis and guidance of the future scattering experiments.
On the basis of the developed theory we showed that the number of scattering events in collisions involving twisted electrons is comparable to that in the standard plane-wave regime. This implies that experiments with the focused twisted electrons are feasible with the present-day detectors. The outcome of these experiments will depend, however, on the relative size of an incident beam and an atomic target. For example, for targets whose width is narrower than the transverse size of the beam, the angular distribution of the scattered electron can be very sensitive not only to the opening angle, but also to the OAM projection itself. The sensitivity to the orbital momentum m vanishes, however, with the increase of the target's size. On the other hand, even in this macroscopic case the OAM-sensitivity can be recovered if one prepares an incident beam as a coherent superposition of two twisted packets with two different m's. We conclude, therefore, that the potential scattering can provide a wide range of opportunities for diagnostics of the twisted electron beams, and the corresponding experiments can be carried out at the present-day facilities. 
